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Abstract 
Quattrocchi, G. and S. Milici, Repeated blocks in maximum packing of triples with index 2, Discrete 
Mathematics 115 (1993) 287-291. 
We determine (leaving a few cases) the spectrum of support sizes for a maximum packing of triples of 
order u and index 2 (MPT(u, 2)), u= 2 (mod 3). This problem is equivalent o determining the 
spectrum of repeated blocks in an MPT(v, 2) for u 2 2 (mod 3). This problem for v ~0, 1 (mod 3) has 
been solved by Rosa and Hoffman (1986). 
1. Introduction 
A maximum packing of triples of order u and index A (MPT(u, A)) is a pair (V, B) 
where V is a u-set and B is a collection of 3-subsets of V, called triples or blocks, such 
that: (i) each 2-subset of V is contained in at most A triples, (ii) no triple can be 
adjoined to B without violating(i), and (iii) if C is any collection of 3-subsets atisfying 
(i) and (ii), then / B / B I C /. 
The leave of an MPT(u, A) is the multigraph C( V, B), where each edge appears A-s 
times if and only if the corresponding pair appears in s triples of B. 
It is well known [6] that the leave of an MPT(q1) is empty if and only if 
A(u- l)=O (mod 2) and Av(l:-- l)=O (mod 6). In these cases an MPT(u, A) is called 
a triple system of order v and index 1 (TS(u,A)). 
When /z = 2 and US 2 (mod 3), C( V, B) is a two times repeated edge [6]. 
Correspondence to: Salvatore Milici, Dipartimento di Matematica, Universita di Catania, Viale A. Doria 
6, 95125 Catania, Italy. 
*Research supported by M.P.I. 
~12-365X~93/~06.~ G 1993-Elsevier Science Publishers B.V. All rights reserved 
288 G. Quattrocchi, S. Milici 
The support of an MPT(u, A.) (I’, B) is the set B* of distinct blocks and the support 
size is the number of distinct blocks IB*I. Designs with small support have special 
applications in the design of experiments and controlled samplings [S, 1 I]. 
The determination of possible support size for triple systems with i < 8 is essentially 
completed [l-3, 91. 
Let R(u) be the set of all integers k such that there exists an MPT(u, 2) having exactly 
k repeated blocks. Rosa and Hoffman [9] determined R(v) for v = 0, 1 (mod 3). In this 
paper we determine (leaving a few cases) R(u) for u = 2 (mod 3). This problem is 
equivalent o determining the spectrum of support sizes for an MPT(v, 2) for u z 2 
(mod 3). 
For every v 3 2 (mod 3) denote: 
(u-2)2 
6 
if v=2 (mod6), 
S” = 
u(v- l)-20 
6 
if v=5 (mod6) 
and 
if v2 (mod12) or u=5 (mod6), 
if vr8 (mod12). 
In this paper we prove the following results. 
Main Theorem. R(v) =1(v) for every vz 2 (mod 3) with v> 11 and v #26,32. R(8) = 
(0, 1,2,3,4}, 1(11)-{11,13)cR(ll), 1(26) - {92,93,94,96} c R(26) and 
1(32)-{!49}zR(32). 
2. Recursive constructions and main results 
Let (V, B) be an MPT(o, 2), v=2 (mod 3), and let x, YE V be the vertices of the 
leave C( V, B). 
Theorem 1. R(u) c Z(v) for every v = 2 (mod 3). 
Proof. First we consider v = 2 (mod 6). It is easy to see that 1 BI = (u(v - l)- 2)/3, x and 
y belong to u - 2 blocks and every element of I’-- {x, y} belongs to u - 1 blocks. Since 
v - 1 is odd, each element of V- {x, y} must occur in at least three nonrepeated triples. 
Thus there are at least u - 2 nonrepeated triples and at most I B I -(u - 2) = s, repeated 
triples. 
Suppose s, E R(u). Then each element of V- {x, y} occurs in exactly three non- 
repeated triples. 
It follows that each element is contained in a unique TS (4,2). Thus s, ER(u) implies 
v - 2 = 0 (mod 4), therefore v = 2 (mod 12). 
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Assume now that (I’, B) has s,- 1 repeated triples. Let T be the subset of non- 
repeated triples of B. Obviously 1 T/ = v. Let d(z) denote the number of times an 
element z occurs in nonrepeated triples. Then d(z) = 0 or d(z) = 2n > 4 if z E {x, y} and 
d(z)=2n+1>3 ifz${x,y}. 
The following cases arise. 
Case 1: d(x)=6, d(y)=O, d(z)=3for every ZE V-{x,y}. 
Let Q={x, LZ 3,4,5,6}. Then D=({x, 1,2}, {x, 1,3}, {x,2,3), {x,4,5), (x,4,6}, 
{x, 5, 6}, { 1,2,3), {4,5,6}} G T. Every element z 4 {x, y} belongs to three blocks of T. 
Then T can be decomposed into a set of (u - 8)/4 TS(4,2). This implies v z 8 (mod 12). 
It is easy to see that (Q, D) is not embeddable in an MPT(8,2). 
Case 2: d(x)=4, d(y)=O, d(l)=5 and d(i)=3for i= 1,2, . . ..u-2. or d(x)=d(y)=O, 
d(l)=5,d(2)=7andd(i)=3fori=3,4,... ,v-2;ord(x)=d(y)=O,d(l)=d(2)=d(3)=5 
and d(i)=3 for i=4, 5 ,..., v-2. 
It is easy to see that ({l,a,P>, (l,c~y}, {l,P,o}, (l,y,&}, {l,o,e}}~ T. 
Obviously at least three elements of (a,/I y,S,s} must be in exactly three non- 
repeated blocks. Then, without loss of generality, we can assume that both a, /I are in 
exactly three nonrepeated blocks. This implies y = 6, a contradiction. 
Case 3: d(x)=d(y)=O, d(l)=9 and d(i)=3for i=2,3,...,u-2. 
Then ((1,2,3}, (1,2,4}, (1,3,4}, (1,5,6}, (1,5,7}, (1,6,7}, {1>8,9}, {1,8,10}, 
(1,9,10}, {2,3,4},(5,6,7}, {8,9,10})~T.SimilarlytoCase 1 weobtainv-2-10rO 
(mod 4). 
This implies v z 20 (mod 12). Therefore R(v) c I(v) for every u = 2 (mod 6). 
Now we consider u = 5 (mod 6). If (V, B) has s, - 1 repeated triples, then J3 ought to 
contain exactly eight nonrepeated triples. This is impossible. 0 
Let 2n ~0 (mod 6). The complete graph Kz,, can be factored into n subgraphs 
P1,Pz, ... , P, such that the edge (i, j} E Pk if and only if i -j = k (mod 2n). The proof of 
the following lemma is trivial. 
Lemma 1. PluPz can be factored into a set of 2n triangles 
T={(1+3i,2+3i,3+3i)Ii=O,l,...,$n-lj 
and two l-factors. 
Pc2,31n can be factored into the set of triangles 
s={(1+3i,+n+1+3i,4n+1+3i)I i=O,l,...,+n-1). 
Lemma 2 (Stern and Lenz [lo]). Let @#L~{1,2,...,n}. Then uisL Pi has a l- 
factorization if and only if n/gcd( j, 2n) is even for at least one je L. 
Lemma 3. Let v E 2 (mod 6) and t E R(v). Then: 
(1) t+s(u+4)/2ER(2v+4)for every s~{O,l,...,v-1}, and 
(2) t+s(v+4)/2+(v+4)/3ER(2u+4)for every sE{O,l,...,v-3,u-1). 
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Proof. The proof of (1) is similar to Lemma 5.7 of [9]. Now we prove (2). Using 
Lemmas 1 and 2 the graph 2K,+4 can be factored into the set of triangles TUTUS, 
and o 2-factors having exactly s(v + 4)/2 repeated edges. Therefore we can embed an 
MPT(u, 2) with t repeated blocks in an MPT(2v+4,2) with the required number of 
repeated blocks. 0 
Lemma 4. Let uz2 (mod 6) and let t ER(u). Then t +6(u+ lO)+y(v+ lo)/3 + 
s(v+10)/2~R(2v+10)forevery6,y~{0,1} andsE{O,l,...,u-3,0--l}. 
Proof. Let Mr={(l+i, 5+i, S+i)Ii=l,2,...,v+lO}, M2={(1+i, 4+i, 8+i)( 
i=1,2,..., u+lO) and MJ=((l+i, 2+i, 3+i)Ii=1,2,...,u+lO}. By Lemmas 1 and 
2 the complete graph 2K, + 1o can be factored into one of the following set of triangles 
M1uMzuM3 or M1vMzuTvT~S or M1uM1vM3 or MlvMlvSvTvT and 
v 2-factors having exactly s(v+ lo)/2 repeated edges. Therefore we can embed an 
MPT(r, 2) with t repeated blocks in an MPT(2u + 10,2) with the required number of 
repeated blocks. 0 
Lemma 5 (Rosa and Hoffman [9]). Let g=O (mod 3) and us2 (mod 6), 4gau+4. 
Further let t E R(u). Then t + 4g(2g + u - 2)/3 E R(4g + u). 
Using the doubling construction, from [4] we obtain the following lemma. 
Lemma 6. Let u = 2 (mod 3). Then k E R(u) implies k + a(u) E R(2v + 1) where: 
(i) a(v)~{O, 1, . . . ,m=v(u+1)/2}-(m-5, m-3,m-2,m-1) if v+l#6 is even; 
a(5) = (0, 1, . . . ) 7,9,15}; 
(ii) c(v) E (0, 1, . . , m=v(v-2)/2) ijv+l is odd. 
Similarly to Lemma 6 of [7] it is possible to prove the following. 
Lemma 7. Let us5 (mod6)>11. ZfktzR(v) then k+p(v+7)/2+6u+yER(2u+7)fir 
everyp=O,l,..,, v-2, v;6=0,1 and y=O,1,3,7. 
From the above lemmas we obtain easily the following theorem. 
Theorem 2. Let u> 11 then R(u)=l(v) implies R(2v+t)=I(2u+t)for t= 1,7. Let ~220 
then R(v)=l(u) implies R(2v+ t)=1(2v+ t)for t =4,10. 
Proof of the Main Theorem. From Lemmas 3-7 and [S] we have: R(8) = (0, 1,2,3,4}, 
I(ll)-(11,13}cR(ll), 1(26)-{92,93,94,96}cR(26), 1(32)--{149}cR(32) and 
R(v)=l(v) for v= 14,17,20,23 and 29. By Lemmas 3 and 4 we have R(u)=Z(u) for 
u = 38,44,50,56,62,68,74 and 80. Theorem 2 completes the proof. 0 
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We remark that 13 $R(ll) [S]; while 11 OR, 92,93,94,96ER(26) and 
1496R(32) are open problems. 
References 
[l] C.J. Colbourn and ES. Mahmoodian, The spectrum of support sizes for threefold triple systems, 
Discrete Math. 83 (1990) 9-19. 
[2] C.J. Colbourn and E.S. Mahmoodian, Support sizes of sixfold triple systems, Discrete Math. 115 (this 
Vol.) (1993) 103-131. 
[3] C.J. Colbourn and S. Milici, Support sizes of triple systems with small index, J. Combin. Math. 
Combin. Comput. 6 (1989) 37-48. 
[4] C.J. Colbourn and A. Rosa, Repeated edges in 2-factorizations, J. Graph Theory 14 (1990) 5-24. 
[S] W. Foody and A. Hedayat, On theory and applications of BIB designs with repeated blocks, Ann. 
Statist. 5 (1977) 932-945. 
[6] H. Hanani, Balanced incomplete block designs and related designs, Discrete Math. 11 (1975) 255-369. 
[7] C.C. Lindner and A. Rosa, Steiner triple systems with prescribed number of triples in common, 
Canad. J. Math. 27 (1975) 1166-1175; Corrigendum 30 (1978) 896. 
[S] S. Milici and G. Quattrocchi, Repeated blocks in maximum packing of triples with index 2 Research 
Report, Dipartimento di Matematica, Universita’ di Catania, 1989. 
[9] A. Rosa and D.G. Hoffman, The number of repeated blocks in twofold triple systems, J. Combin. 
Theory Ser. A 41 (1986) 61-88. 
[lo] G. Stern and H. Lenz, Steiner triple systems with given subspaces, Another proof of the 
Doyen-Wilson theorem, Boll. Un. Mat. Ital. A (5) 17 (1980) 109-114. 
[ll] H.P. Wynn, Convex sets of finite population plans, Ann. Statist. 5 (1977) 414418. 
